
Postcritically Finite Rational Maps and their Deformations
Jeremy Kahn

A postcritically finite rational map is a holomorphic map f : Ĉ → Ĉ such
that

⋃∞
n=1 f

n(Cf ) is finite, where Cf is the set of critical points of f . We
will present an introduction to the study of postcritically finite rational maps
and their deformations, emphasizing the connections between the geometry
and the combinatorics of these maps. We will cover the following topics:

• Polynomials, Hubbard Trees, and Matings. These provide basic
examples for post-critically finite rational maps, for which there is a
natural way—the Hubbard tree—of describing the combinatorics of
the rational map.

• The Thurston Theory. We introduce the theory for Thurston’s
Characterization for Postcritically Finite Rational Maps[1]. This in-
cludes Thurston’s definition of combinatorial equivalence, the Milnor-
Thurston uniqueness theorem, and the necessary and sufficient con-
dition for a combinatorial class to be realized as a rational map. We
will also include the necessary results from Teichmuller theory and
hyperbolic geometry.

• A theory of degeneration of PCF rational maps. We begin by
discussing two possible deformation spaces for PCF maps, one within
rational maps, and one within the larger space of conformal dynamical
systems. We then present an original theory of how one can go to
infinity in the latter (partially described in [2]), again in terms of the
combinatorial properties of the PCF map. We will emphasize the
similarities between this theory and Thurston’s.

• Ideas and Computations. We will finish the term—if there is time
remaining—with a selection from the following topics:

1. A criterion for conformal realization of finite subdivision rules

2. The implementation of Thurston’s algorithm.

3. Criteria for compactness of hyperbolic components of rational
maps

4. The theory of combinations of PCF maps.

We emphasize that all of these topics are subjects of ongoing research.
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Prerequisites. We require only a basic knowledge of Complex Analysis,
but recommend familiarity with dynamics of rational maps, and elementary
hyperbolic geometry.
Logistics. We meet Tuesday and Thursday from 10:30 to 11:50, at ICERM,
in the seminar room.
Grading. This is an advanced level discussion seminar in which there is no
required written work or regular readings. To receive a grade of Satisfactory
in this course, students must attend regularly and participate in course
discussions.
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